In this paper we apply the semiclassical method based on the Feynman path integral formalism to sub-barrier fusion of heavy nuclei. Cross sections are calculated and compared to experimental data and to coupledchannel calculations for different mass systems: Pb. The semiclassical method and coupled-channel calculations give comparable results. It is found that the coupling produces a renormalization of the barrier that is responsible for the enhancement of sub-barrier fusion cross sections and a dissipative force along the classical tunneling path.
I. INTRODUCTION
Sub-barrier fusion of heavy ions has motivated many theoretical and experimental investigations in the years since the observation of a large enhancement of experimental fusion cross sections with respect to the predictions of the onedimensional barrier penetration model ͓1͔. Significant isotopic effects for different projectile and target combinations in sub-barrier fusion cross sections have also been observed ͓2͔. Different theoretical models, which include additional degrees of freedom of the fusing system, have been elaborated to explain these observations. Among the main ones are ͑i͒ deformed or vibrating potential models ͓3,4͔; ͑ii͒ optical potential models in which a part of the imaginary potential is associated to fusion ͓5͔; ͑iii͒ coupled-channel models in which the excited states of each nucleus are treated in a full quantum mechanical way leading to the solution of a set of coupled Schrödinger equations ͓6͔; ͑iv͒ approximations based on the Feynman path-integral method, in which the effect of additional degrees of freedom on the relative motion is formulated in the influence functional formalism ͓7,8͔; ͑v͒ models which invoke collective phenomena as neutron flow or neck formation ͓9,10͔. Coupled-channel models are in principle well founded and accurate for treating multidimensional tunneling, the input required is only the level scheme and some properties of the relevant excited states of the fusing nuclei together with optical potentials and form factors fitted to experimental cross sections. However, in practice only a few inelastic states can be included in the calculations due to the fast increase of computing time with the number of coupled states and to numerical instabilities arising in large sets of coupled equations ͓11,12͔. Moreover when one wants to include degrees of freedom of a very different nature as transfer or deep inelastic reactions, the problem becomes quite difficult to solve by numerical coupled-channel methods because of the nonorthogonality and different range of excitation energies of the channel states. This severely limits in practice the number of channels that can be treated simultaneously. In the path integral method, however, each different degree of freedom gives an independent contribution to the influence functional. In addition, the computational efforts grow slowly with the dimensionality of the system. This makes the path integral method convenient to treat on the same footing single nucleus excitations and complex mechanisms as transfer or deep inelastic. Thus the path integral method, although insufficiently developed, offers good possibilities for studying fusion coupled to degrees of freedom of a very different nature. Some analytical results have been obtained in the literature ͓8,13͔, but to our knowledge either realistic numerical calculations of cross sections or comparisons to other methods to evaluate the real power of this method do not exist. The purpose of this paper is to present detailed numerical calculations of sub-barrier fusion cross sections based on the influence functional formalism for some different systems (   32   Sϩ   24   Mg,   58   Niϩ   64   Ni, and   16   Oϩ   208 Pb͒ for which there exist measurements of both elastic and fusion cross sections. Our results are compared to experimental data and to calculations performed with the widely employed simplified coupled-channel code CCFUS ͓14͔. We also discuss such features of the coupled-tunneling process as adiabaticity, the effect of coupling before entrance into the barrier, and dissipative reflections of the trajectory under the barrier.
II. DESCRIPTION OF THE MODEL
We consider in this paper only inelastic excitations, which we assume to be well described by harmonic oscillators that form the ''intrinsic'' system. This system is linearly coupled to the nucleus-nucleus relative motion coordinate R, called ''collective.'' We consider in the calculations of the influence functional the effects of the coupling before tunneling, which we account for by the intrinsic state of the fusing system at the entrance of the barrier.
We give below the expressions for only one oscillator; those for several oscillators are obtained by a simple addition. The Hamiltonian for the intrinsic coupled system is
where is the deformation length of the excited state ͓28͔ and f (R) the coupling form factor. The time-evolution operator of the intrinsic system can be cast in the form ͓17͔ where
͑3͒
The intrinsic state of the system at very large radial distances is the vacuum state ͉0͘ which is the direct product of the ground states of both nuclei. When the nuclei approach within the range of the coupling form factor, the intrinsic system couples to the radial motion. The intrinsic state at a given time t is then given by
with ␣͑t͒ϭϪB*͑t͒e
It is seen that an intrinsic state coupled linearly evolves as a coherent state ͓15,16͔ when the nuclei approach the barrier. It is this coherent state which undergoes tunneling when the nuclei reach the external turning point of the barrier.
The vanishing of the coupling when the nuclei are far away allows us to rewrite ␣(t) at the external barrier R E as an adiabatic value and a shift from adiabaticity,
where the adiabatic parameter ␣ iad and the shift from adiabaticity ␥ are given by Müller and Takigawa ͓17͔:
In the adiabatic process, the intrinsic system is coupled to the relative motion but remains in the ground state. We neglect the shift ␥, and assume that at the entrance of the barrier the ground state is the adiabatic coherent state
which reduces to the usual ground state for ␣ i ϭ0. The inclusive influence functional is determined by using the completeness relation of the coherent states ͓15,16͔ and the imaginary time procedure for tunneling ͓7͔. The penetrability is calculated along the classical trajectory obtained by solving the classical equation of motion
where the force F() is given by
where is the reduced mass of the system and the tunneling time along the classical trajectory. Integrating by parts Eq. ͑11͒, Eq. ͑10͒ can be rewritten in the form
where the effective barrier V eff is usually called the adiabatic barrier, given by
The force F D () is given by
It appears from Eq. ͑12͒ that the coupling of the nuclear degrees of freedom to the relative motion has two effects: ͑i͒ a renormalization of the barrier proportional to the inverse of the excitation energy of the state; ͑ii͒ the action along the dominant path of a non-Markovian force F D () that is in general of dissipative character. The penetrability of the barrier for a given energy E in the center of mass is given by ͓18͔
where P R (E) is the contribution to the penetrability along the classical path obtained by solving Eqs. ͑10͒ and ͑12͒ and P (E) is the contribution of fluctuations of the trajectory around the classical path, which is not considered in this paper. The penetrability P(E) is then approximated by
where W R is the influence potential given by
The fusion cross section is calculated from the partial wave expansion
where k is the asymptotic momentum. In the present calculations we evaluate quantitatively the effect on the subbarrier fusion cross section of the renormalization of the barrier and the force F D separately. We calculate first the fusion cross sections using the Hill-Wheeler formula for the penetrabilities with the effective barrier given by Eq. ͑13͒,
where V B eff is the height of the effective barrier and ប⍀ eff its curvature. To calculate the classical path we have numerically solved Eq. ͑10͒ by the Runge-Kutta method of fourth order. As the equation is an integro-differential one, with the force depending on the solution for the trajectory, we have used a self-consistent procedure, taking the trajectory with a vanishing force as the initial solution. We have found that the iterative process converges rapidly and usually five or fewer iterations are needed. The external turning point has been taken as the solution of V(R)ϭE, but due to the dissipation of the energy along the tunneling trajectory, the internal turning point differs from that of the classical trajectory without dissipation and has been taken as the point at which the velocity vanishes. This procedure has been done for each partial wave, stopping the calculations when the penetrability becomes negligible. In our calculations of the penetrabilities, we have considered the multiple reflections of the trajectory under the barrier by using the uniform approximation for the penetrability ͓19͔ derived for the nondissipative process
For the dissipative case with which we are concerned, the action at each reflection can be different due to dissipation, and numerical integration along every one of the possible multiple-reflection trajectories should be performed to take this into account. We assume, however, that the actions along the reflected dissipative trajectories have very close values, and we use the above formula to obtain a first-order quantitative evaluation.
III. APPLICATION OF THE MODEL TO EXPERIMENTAL DATA
In order to compare the results of this model to other models and to experimental data we have chosen some nuclear systems for which there are available data of elastic and fusion cross sections simultaneously. The nuclear part of the interaction potential V(R) in Eq. ͑10͒ has been taken as the real part of the optical potential parametrized in the Woods-Saxon form
with parameters fitted to the elastic cross sections with the code ECIS ͓20͔. Ni ͓25,27͔. The parameters of the Woods-Saxon potential for the three systems are given in Table I . The coupling form factor f (R) has been taken as the derivative of the Woods-Saxon potential plus the Coulomb form factor
where Z P ,Z T are the charges of the projectile and target, the spin of the excited state, and R C the equilibrium radius of the charge density. The coefficient s takes into account the ␤R scaling ͓26,28͔ which requires the nuclear and electromagnetic deformation lengths to be equal. The coupling parameter is given in terms of the nuclear deformation length
and the nuclear deformation parameters have been obtained from the electromagnetic ones ␤ ͓21,29,30͔ by ␤R scaling. The excited states considered for each nucleus and their respective deformation parameters are given in Table II . At energies above the barrier V B 0 , the penetrabilities have been calculated without taking the coupling into account, by We have found that at sub-barrier energies the imaginarytime method for tunneling breaks down when we move to energies very close to the barrier, typically between the adiabatic and bare barriers. The barrier width has very small values at these energies, usually less than one fermi, and the penetrabilities calculated from classical trajectories have unphysical values. This is due to the fact that the influence potential makes the barrier lower than the incident energy. To tackle this problem we have taken the penetrability as 0.5 at the bare barrier and interpolated to the region in which the semiclassical tunneling calculations work. The energy region in which this problem arises is narrow as can be seen from Table III in which the bare and renormalized adiabatic barriers are given for partial waves l ϭ0, 8, and 16 for each of the systems studied.
The way in which we have carried out this interpolation is to fit the numerical penetrabilities obtained in our semiclassical quantum tunneling model ͑SQT͒ to the Hill-Wheeler formula, obtaining X(E)ϭ(V B ϪE)/ប⍀ values which reproduce these penetrabilities. These empirical X(E) values have been fitted by a fourth-order polynomial vanishing at
EϭV B
0 . It may be considered that the energy dependence of this effective X(E) takes into account the coupling effects. It is plotted for the systems and partial waves of Table III in Fig. 1, Fig. 2, and Fig. 3 . A close analysis of X(E) values reveals that below the adiabatic barrier they have a quadratic dependence on energy. In order to match smoothly the penetrabilities between the adiabatic and the bare barrier we needed to assume that X(E) depends as a fourth-order polynomial on energy, reflecting a more involved nature of the coupling in this energy region. It is seen in Fig. 1, Fig. 2 , and Fig. 3 that at energies far below the s-wave barrier, X(E) depends quasilinearly on energy, indicating that the use of a renormalized barrier independent of energy would be a useful approximation in this region. This is no longer valid when we approach the barrier. We have calculated the fusion cross sections for all energies from below to above the fusion barrier, using the SQT penetrabilities below the adiabatic barrier, the interpolated penetrabilities between the adiabatic and the bare barrier, and the Hill-Wheeler formula above the bare barrier. In Fig. 4 , Fig. 5 , and Fig. 6 the calculations performed with the total force F() given in Eq. ͑11͒ are compared to calculations performed with the adiabatic potential of Eq. ͑13͒, and with the coupled channel code CCFUS ͓14͔. The CCFUS and SQT calculations use the same input, with the same potentials and form factors. The initial state used in SQT calculations shown in the figures is, as in CCFUS, the initial ground state corresponding to a vanishing parameter ␣ i . It can be observed in the figures that the renormalization has an important effect on the enhancement of the fusion cross sections, especially below the s-wave barrier energy. When the total force is considered the enhancement is less important, so we conclude that the action of the force F D () in Eq. ͑12͒ is to decrease the sub-barrier fusion cross sections with respect to the renormalization alone, and therefore is of dissipative character. It can be noted that the calculations done with the semiclassical approximation for linearly coupled tunneling agree quite well with the quantum mechanical calculations of CCFUS. At very low energies there are some discrepancies due mainly to the use of the parabolic approximation in CCFUS. In further calculations we have set the parameter ␣ i equal to its adiabatic value given by Eq. ͑7͒, finding that the fusion cross sections are not modified significatively with respect to those calculated with the unpolarized initial state. The coupling effects before and after the tunneling process do not seem to have a significant influence on the fusion cross sections in this model. We have also found that the use of the uniform approximation for the penetrabilities to take into account the multiple reflections of the trajectory under the barrier is a fair approximation at energies below the s-wave barrier for the systems studied. Nonuniform calculations of the penetrabilities do not seem to be, at this stage, of crucial need.
IV. CONCLUSIONS
We have shown that the approach of path integrals for heavy-ion sub-barrier fusion gives results comparable to coupled-channel calculations for different systems. For inelastic excitations of the nucleus, the renormalization effect is responsible for the enhancement of sub-barrier fusion cross sections. The important contribution of the dissipative force implies that the tunneling process for the systems considered is not adiabatic, although during the approach to the barrier entrance the adiabatic approximation is adequate. The coupling before tunneling which is accounted for by an initial coherent state appears to have a negligible influence on the fusion cross sections. We have also found, when multiple reflections are considered, that the uniform approximation can be used for the tunneling penetrabilities in the dissipative case with reasonable accuracy.
Our results allow us to conclude that the semiclassical calculations of the path integral for dissipative tunneling are sufficiently accurate for treating sub-barrier fusion at energies below the effective barrier. The importance of additional degrees of freedom as transfer or more complex ones as deep inelastic is evident in the case of Ni-Ni. These additional degrees of freedom in the path integral formalism will be treated in later works. This paper has been supported by DGICYT under project PB90Ϫ0171.
